The spherical harmonics Y ℓ m form a basis of the vector space V ℓ (of dimensions 2ℓ + 1) of the eigen functions of the Laplacian on the sphere, with eigen value λ ℓ = −ℓ (ℓ + 1). Here we show the existence of an other basis Φ
Introduction
The harmonic functions on the sphere play a role in all fields of physics, from quantum mechanics to cosmology, where they are used, for instance, as a tool for analysing the temperature distribution of the CMB. On the other hand, harmonic functions are related to various fields of mathematics. They provide a basis for the functions on the sphere. In particular, they form a basis for the eigenmodes of the Laplacian, which makes them particularly useful for [classical or quantum] field theories. Also, they constitue the vectors for the irreductible representation of the group SO(3). In some sense, they play for the sphere a role analogue to that of the Fourier mode for the plane.
For a given value of ℓ, the 2ℓ + 1 spherical harmonics Y ℓ m form an orthonormal basis of the vector space of functions V ℓ . The latter is an eigen space of the Laplacian on the sphere, with eigenvalue λ ℓ = −ℓ (ℓ+1). It also forms the irreducible representation of SO(3) of dimension 2ℓ + 1.
Here we show that their is another natural basis Φ ℓ j , j = −ℓ..ℓ, for V ℓ , which seems to have been ignored in the literature. The Φ ℓ j 's have different properties than the Y ℓ m 's. They are transformed differently by the group, although in a very simple way. Each Φ ℓ j is defined as [the reduction to the sphere of] an homogeneous harmonic polynomial which takes the very simple form (X ·Nj ) ℓ , where the dot denotes the Euclidean scalar product, and Nj is a null [complex] vector of IR 3 , that we specify below. We give the transformation formulae between the two bases. The functions Φ ℓ j have different properties which may make them more useful in particular applications. But their main interest comes from their simplicity, and that of the calculations involving them. Given the transformation formulae, their use also allows to find easily formulae concerning the usual spherical harmonics. In particular, we obtain a new formula which gives a finite version of the usual integral representation of the spherical harmonics. And we write a new development of the special Legendre functions. (
Harmonic functions
The unit sphere S 2 can be isometrically embedded in IR 3 , as the surface r = 1, when a point of IR 3 is written
(2) Each function f ∈ V ℓ may be seen as the restriction of an harmonic polynomial in IR 3 , homogeneous of degree ℓ, that we also note f by an abuse of language:
Let us consider particular polynomials: those of the form (X ·N ) ℓ (dot indicates Euclidean scalar product in IR 3 ), where N is a [complex] null vector, i.e., such that N · N = 0. Also, one may consider X as a point on the isotropic cone in the complexification C 3 of IR 3 . It is straightforward to check that such polynomia are harmonic and homogeneous of degree ℓ, so that their restrictions are in V ℓ . Now we consider the set W ℓ of all finite sums of such polynomia. It is a [complex] vector space. Since the group action transforms a null vector into a null vector, it is easy to check that W ℓ form a representation of SO(3). Since W ℓ ⊂ V ℓ (identifying homogeneous functions with their restrictions), and V ℓ is irreductible, it results that W ℓ = V ℓ : any harmonic ℓ-homogeneous polynomial can be written as a finite sum j (X · Nj ) ℓ with all Nj · Nj = 0. The calculations below may also be seen as an explicit proof of this statement. Now we intend to find a basis of V ℓ in the form of such polynomia.
In a given frame, we consider the 2ℓ + 1 particular null vectors Nj ≡ [1, i sin αj , i cos αj ], j = −ℓ..ℓ. Here, the αj ≡ ). We want to prove that the functions Φ
Let us define the function
It belongs to V ℓ and we prove in the appendix A that it is equal, up to a multiplicative constant, to Y ℓ m :
We calculate the D 
As an illustration, we give the first developments in Appendix B.
The basis (Φ ℓ j ) appears not orthogonal. However, it easy to calculate the scalar products
The integral representation becomes finite
The integral representation of the spherical harmonics is the well known
with
The explicit expression of (4) provides a a finite version of the latter, as 
A new development of special Legendre functions
A new development formula for the special Legendre functions P ℓ m is obtained by rewriting (13) under the form
Group action
Considering an arbitrary element γ ∈SO(3), we select the frame where the action of γ is given by the matrix 
3 Appendix A Defining z ≡ e iφ , we express (3) as
We develop the sum with the binomial coefficients:
We develop again, permute the summation symbols, and rearrange the terms :
We use the property of the roots of unity, j (ρ k ) j = (2ℓ + 1) δ k , the Dirac symbol. Then, the last sum is non zero only when 2q − p − m = 0. It results that we can write Zm = z m Z(θ) = e imϕ Z(θ). This proves that Zm is an eigenfunction of the rotation operator Px, and thus proportional to Y ℓ m , qed. The following calculations offer a more explicit proof. The term in the development is non zero only when p + m is even, and 0 ≤ q ≤ p ≤ ℓ. We can take all these conditions into account by rewriting the sum as
where the bracket means entire value.
To calculate the D ℓ m 's, let us first estimate this sum in the simple case m = −ℓ: it reduces to an unique term q = 0, so that
. It is more tedious to calculate the other coefficients. From (12), we derive
On the other hand, we know ([1] p.89) that
from which results the recurrence relation
(15) Applying to the expression above, replacing cos θ by x and cos θ by
Applying the derivation in the LHS, we obtain: 
The first of the two terms is rewritten with M = m + 1 and Q = q + 1, as
The second one is rewritten with M = m + 1 and Q = q, as
In these formulae, the changes of range of the indices result from the non trivial rearrangements of the factorials.
We can now equal the sum of the two LHS terms to the RHS of (16), with M = m + 1:
